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FOREWORD

This report was prepared by Philip C, Staas, Jr., of the Guidance Branch, GAM-87
Engineering Office, Aeronautical Systems Division, Wright-Patterson Air Force Base,
Ohio, Interest to develop the material in this report was stimulated through participation
in the numerous performance analyses conducted on the GAM-87 Guidance System by the
GAM-87 Engineering Office, Guidance Branch personnel. The work was documented under
Weapon System 138A,

The studies presented began in September 1962 and were completed in December 1962,

The assistance of Mr. William Rothammer and Mr. Robert Perdzock of the GAM-87
Engineering Office in assembling the report is gratefully acknowledged.
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ABSTRACT

A navigation scheme is investigated that uses a Schuler-tuned inertial platform that is
maintained orthogonal to the mass-attraction gravity vector. The expressions for platform
acceleration and velocity are developed, and a mechanization to achieve navigation is
determined, Results indicate that an inertial platform that is not torqued in the vertical
axis can be readily mechanized to seek a mass-attraction vertical and to accomplish
navigation on earth,

PUBLICATION PEVIEW
Publication of this technical documentary report does not constitute Air Force approval

of the report’s findings or conclusions. It is published only for the exchange and stimula-
tion of ideas.
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INTRODUCTION

To navigate in the geographic coordinate system: of the earth, we desire to use acceler-
ometers that are mounted on an inertial platform, The total acceleration in inertial space
as experienced by the platform that is positionec! at a point P, which is a distance R from
the center of the earth, will be derived. A particular orientation of the platform is chosen
so that its vertical axis is coincident with the vector R from the center of the earth, In
the development, the geographic center of the earth and the center of mass attraction will
coincide so that the platform will be aligned to the mass-attraction gravity vector,

The position of the platform on the earth will be expressed in terms of the geographic
longitude angle and the mass-attraction latitude angle. Note that in contrast the geographic
latitude is measured from a plumb bob vertical. The mass suspended by a plumb line is
attracted by the gravitation of the earth and is influenced by the rotation of the earth to
cause the plumb line to point along the vector sum of the mass-attraction vector and the
centripetal acceleration vector. To account for a discrepancy in latitude position resulting
from a determination of position using mass-attraction vertical and a determination of
position using a plumb bob vertical, we will alter the geographic inputs and outputs to the
platform for the contribution of centripetal acceleration.

To mechanize the expressions derived for acceleration and velocity of the platform, we
will use the Schuler principle of developing an angular rate of the platform that is equal
to the inertial velocity divided by the radius of the earth to maintain a mass-attraction
vertical and to navigate over the earth.

DERIVATION OF MASS ACCELERATION
IN A ROTATING COORDINATE SYSTEM

A right-hand coordinate system is selected with its origin at the center of the earth, its
K axis through the North Pole of the earth, and its T and J axes in the plane of the earth’s
equator with T passing through the Greenwich meridian. In this development, the radius of
the earth is considered constant for all angles above or below the equatorial plane, See
Figure 1.

NORTH
K

«~

We

EQUATOR

Figure 1, Coordinate System With Origin at Center of Earth

Manuscript released by author on 11 February 1963 for publication as an ASD Technical
Documentary Report.
1



ASD-TDR-63-168

We desire to determine the acceleration in inertial space that is experienced at point P
while P is free to move in the 1, J, and K coordinate system and while the 1,7, and K
axes rotate in inertial space about K with an angular rate we. In the development, the
following terms will be used:

el

-wel(

o}

=TR +JR +KR
X y z

| -

= inertial velocity of P

<|
]

velocity of P relative to 1, J, and K axes

o
“

inertial acceleration of P

acceleration of P relative to 1, J, and K axes

G
"

>
—y
a

acceleration of P in inertial space including gravity of mass attraction

gravity vector of mass attraction of earth assumed directed toward the
center of the earth,

ozl
]
]

will be differentiated once to form R, the inertial velocity of P, and once again to form

.
—

R
R, the inertial acceleration of P, Therefore,

X y z
R =TR +JR +KR_-1R +JR -+ KR

X y z X y z
R -weXR+Vp

P € P P

F-EexR+Vp

R-wex(w XR+Vp)+weXVp+ap
R-wexw x R + 2w xvp+ap
AI'R\tgm
Al-wexwexR+2wepr+ap+gm
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The px.'.eceding expression for Kl is the acceleration of P in inertial space, which differs
from R by the gravity term 8 A plumb bob on the earth will be under the influence of
AI to establish a vertical direction, which is the vector sum of R + 8 Considerations
of the acceleration of center of the earth relative to the center of inertial space are

neglected in KI as insignificant.

Aq - Em in terms of 1, J, and K is as follows:

w, X R=T1 (-weRy) +7J («oR))

£ |

w X
e e

2w_ x Vp = 21 (-weRy) * 27 (« R)

xR =T (-wS R) +7 (-0’ R)

[

A= T [(eR)* 2(-wefzy) “R ]
+T [ugR) * 2(w R ) * iiy ]
[k, ]

“+ gm.

+

=l

ORIENTATION OF A COORDINATE SYSTEM
ALONG THE MASS-ATTRACTION VECTOR

We desire to orient a coordinate system 1, j, andk at P so that k is along R, 1 is
directed toward K (North), and j then is directed eastward. See Figure 2.

- X)
x|

b ]
b

Figure 2. Coordinate System With One Axis Directed Toward Center of Earth
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In this development, the following terms will be used:

L = angle eastward from Greenwich, longitude

A = angle from the equatorial plane, mass-attraction latitude

k = TcosxcosL +J cos A sinL + K sin A
j s T1(-sinL) + J (cosL)

i =T(-sin cosL) + J (-sin A sinL) « K cos X.
The intent of positioning k to be coincident with R is to provide a coordinate system

with one axis directed toward the center of the earth, When the geographical center of
the earth is assumed to be located at the center of mass attraction, i, j, and k will then

be aligned along the mass-attraction vector.

The acceleration of point P is now to be expressed in terms of Kl along i, j, and k
as follows:

Al =
i [(wea R sin AcosL +u * Rysin A sinL)

+ (Z«L-eRy sin) cosL - ZweRxsmA sinL)
+ (R_sinx cosl. + R_sinA sinL - R cosx)]
X y z
= . 2 . _ . @
+j [(u.e RxsmL w, RycosL)
+ (Zwe Ry sinL + 2u R cosl)
+ (R sinL - RycosL)]
+ K [-(w,?R cosrcosL + w? R cos) sinL)

- (ZweRycosx cosL - 2weRxcosx sinL)

+ (Rxcosk cosL + Rycosx sinl. + stin)‘)
¥ gm] '

To express KI in terms of R, [.{. and R, we must derive the following equalities:
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Rx = Rcos ) cosL
Ry = Rcos A\ sinL

Rz = Rsin

R coslL = R sinL
y .X

R cosl. - R _sinl. = 0
y X
RxcosL + RysinL = Rcos )
RxcosL + RysinL = Rcosa - R sin)
R cosl. - R sinl. = RLcos)
y X

(R cosL + R sinl)sin} = - Rsin) cosx [(L)7 - ()7 ]

- 8in® X (2RA + RX) + R cosx sinx

(iixcosl_ * R sinl)cos) = - Reos® A [y + 0y

- cos\ sin) (ZI.{): + R;) + R cos? A
'IiycosL - ﬁxsinL = Ri_. COSX - 2R[:): sini + 2flIlcos)x
I'{Z = l.!sin)\ + R); CO8 A
iiz = il'sin)\ + 2R)‘ CoOs)\ + R;\'cosx - R(X)? sinx

Then substituting the equalities gives

AI=

T [Rein) cosx (w, + L) + 2R} + RX ]
+j [Z(we + L)Rcos -2(we + L)YRA sinx + RLcos)«]

+k [-(we + i.)’ Rcos® A -R():)' + R+ gm]
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MECHANIZATION OF ACCELERATION EXPRESSIONS

TO ACHIEVE INERTIAL VELOCITY OF POINT P

We desire to integrate the acceleration expressions derived so that the velocity of P in
inertial space is expressed in a coordinate system r, , r,, and ry that is related to i, j,
and k as follows:

r

T

1

k

isin®_ + jcosV¥
p p

Ty =icos¥_ - jsinv_.
p p

Figure 3 shows the desired coordinate system.

hl
w

T (NORTH)
7 (EAST)

Figure 3. Coordinate System ;1, ;2, and ;3

Angle \Pp, measured counterclockwise from i (North), at this step in the development will

not be restricted to a magnitude or rate (\I'p). Eventually r,, r,, and r, will be restricted

s0 that there will be no rotation of the coordinate system about r, in inertial space.

I
A

I

A, is now expressed in the T, , r,, and T, directions:

T, [-(w, * L) Rcos®x -R(\)* + R + g ]

+ T, [ (w, * L)* Rsin) cos ) sin \I:p + 2Rx sin\I(p
+ 2(we + L)Rcos X cos \Ilp + R sin\I!p

- 2(u.-e + L)Rx sinx COS\Ilp + RLcos\ cos*lfp ]
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+ T, [ (we‘ +.L)a Rsin X cos X c.cfs \lfp + 2R\ cos wp
-2 + L)YRcosx sin¥_ + R) cosW
(we ) p o8 b

2(we + L)R X sinA sin \"p - RLcos ) sin 'I’p ]

Upon integration of A, the inertial velocity of P should be equal to R, which was pre-

Il
viously derived, Therefore,
= w, x R + Vp

-

x R -T(-weRy) + i(weRx)

£

€

€l

e * R = JweRcosx

Vp-le+JRy+KRz

Vp-'im +jRLcosx + k R

.

=TRA +J(w, *+ L)Rcosr + kR

R =r, [ R>.«cos\llp -(we + L.)Rcosx sin\!/p]
+71, [Rx sin\[rp + (wg + L)Rcos) cos ¥, ]
+7, [R]
R is to be the output of three isolated integrators following three accelerometers aligned

along T,, I,, and 1, , respectively, which sense KI‘ Differentiating R to achieve R will
give the expression for the accelerations required at the input to the integrators. Therefore,

K-

'1.'3 [Rx coswp - (we * L)Rcosa sinwp]

+ T, [Rx coswp + Rx cos\llp -(we + L)Rcos2a sin\lvp

+ (“’e + L)RAX sini sian -L Rcos sian

- R Wpsinwp -(we + L) R\lrpcosx coswp ]
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+ T, [RJ\ sln\vp + (wg * L)Rcos) coswp ]

+ T | RJ\. sm.\llp + RA sin \I/p.+ (g + L)Reos cos ¥
- (w, + L)YRxsinxcos¥_ + L. Rcos cosV¥
(we ) b b

Rx \;lpcoswp -(wg * I:)R\irpcos)\ sin \pr ]
+% [R] + 7 [R]

\I/p in the expression for R is evaluated as follows:

w =w K
“e ¥ “e

w_ =1w COSA + K w sin
e e we SINA

From the przceding expression, a rotation we sin\ occurs about k in inertial space. The
restriction that the T, , r,, and r, coordinate system cannot rotate in inertial space about
r, will now be incorporated in the development. When 1, is coincident with k and v is
the angle between i and T, ,

W= -(w, *L)sin.
P e

The rate of \I/p is negative because positive rotation was selected counterclockwise for @
To accomplish no rotation in inertial space about r, , we will not torque the inertial plat-
form in this axis.

The T terms in R are evaluated as follows:

% xR =T7s | Rxcos¥_ -(w =~ L)RcosA sin¥
“p " ‘[cop(“e ) p]

- Y:? [R);sin\lfp + (u;e + I:)Rcos)\ COS\I/p]
-1, [R]

where Zp is the rotation of r,, ?2, and T, in inertial space. To accomplish navigation in
the coordinate system of the earth, we will follow the Schuler principle for generation of
Ep' In a Schuler mechanization, the integrated acceleration, which is velocity, for each of

the two horizontal axes (T, and r,) is divided by R, the radius of the earth, which gives
an angular rate, w, for torquing the inertial platform to maintain the aforementioned axes
in the horizontal plane, Following this procedure, we obtain
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and

- Va _
wS '3 g _h- 72
v

Note that «, is negative to maintain r, horizontal.

The V,, V,, and V. inertial velocities are found from R:

V, = R[Asinwp + (we + L) cosx COS\I/p ]

V, =R [ A coswp —(we + i,) CO8 ) sin\Izp]

v, = [R]

Note that «, T, is zero, therefore

P
R

“p

w

p

w = w;;, + w.;’

= V.r, + Va1, +V, 1,

w Xﬁ'

[w,V:. - w,v,] T, + [u'3V1] T, - [w,v,] T.

xR = T, [-R(A')’ “(w, + l:)= Rcos? )\]

+ T, [(!.()] [A sin\vp * (wg * I'.)cosx cosﬂrp]

+ T, [([.{)] [A..coswp - (wg + I:)cosx sin\vp ]

Substituting expressions developed for \I:p and r terms gives

i. =T, [RA coswp + Rx COSWP “(wg * L)Rcos) sian

+ 2(”"e + L)RX sina sin\Ilp -L Rcos sin\llp

SO
+ (we + L)? Rsin) cos cos\llp ]

+ T, [R2 sin¥ + RAsin¥, + (w, + L)Rcos) cos ¥

-2(we + L)R X sina c:oswp + L Rcos cosﬂlp

* (wg * L)* Rsini cosa sin\llp ]
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R were included in the r,, T,, and r, directions above for R, we

If the value of X
= A

‘USI

1° &m

At this point in the development, we must examine XI and the accelerometers in the

=l

would see that

1,, I,, and ry coordinate system. For accomplishment of the Schuler mechanization, the
platform is rotated in inertial space by Zp. Torque is applied to the platform at a rate
;p in the two horizontal axes to oppose the inertial position sought by the platform so
that an earth orientation can be maintained. Because the platform and the accelerometers
have an inertial velocity ﬁ, a rotation of the platform coordinate system in inertial space
results in an apparent acceleration of the platform eqt.xal to Zp x ﬁ as seen in the coor-
dinate system of the earth. The contribution of Ip x R to R is determined from the total

integral of X[ - Em:
R ,f(zr-am)ac
. [,[(Al' qm)dt]7’+[jAzd']72

+[fA3dt]73+ f(mpxﬁ)at

Note that the above expression for A, was verified by differentiating R.

1
The preceding expression clearly shows the components of the total XI that will be
sensed by accelerometers aligned along r,, r,, and r., namely A,, A,, and A,, respec-
tively. To accomplish the total integration of KI’ '
the input to the three integrators receiving A,, A,, and A,. In the mechanization of the

we must supply the Z‘p » R term at
desired inertial navigator, therefore, the velocity of point P can be achieved from the
accelerometers by adding the following quantities:
To accelerometer output A, must be added
[(R)] [)\ COS\DP -(u:e + L)cosa sm\Dp ]
which is equal to -w,V,.
To accelerometer output A, must be added
[(R)] [x sm\vp + (we + L)cos A COS\Pp ]

which is equal to w.V,.

10
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To accelerometer output A; must be added
[-R(A )* -(w, *+ L)? Rcos® -gm]

which is equal to w,Vs - w,V, - Bme

In the closed-loop operation of the inertial platform, Figure 4, the Z-p and R terms that

must supply Zp x R are readily available as outputs of the platform,

DETERMINATION OF PLLATFORM POSITION IN THE
COORDINATE SYSTEM OF THE EARTH

Navigation in the coordinate system of the earth is accomplished by using the torquing
rates, w, and w,, that are generated in the mechanization of the Schuler-tuned inertial
navigation system as follows:

Mass attraction latitude results from an integration of A, where,

A = w,co8¥_  + w,y,einVd,
2 P y P

and longitude results from an integration of L, where,

. w, CO8 \Ilp - w, 6in \I/p -w

L= <

COB A

In these expressions, W rotation of the earth, is a constant, and \lrp is determined from

an integration of \llp. where,
\va = -(we + L)sin\.
Mass attraction latitude is transformed to geographic latitude as follows:

g = ac + Sm
where

plumb bob vertical

ol
"

o |
"

earth’s centripetal acceleration component that is perpendicular to Em

mass-attraction vertical

ol
"

m

a angle between g and Em‘

o
Note that aa< 1, then
c (wge)* R sin \ cos A
I9m Im

Angle o is added to the mass-attraction vertical angle for latitude to obtain geographic
latitude,

as IN RADIANS.

11
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CONCLUSIONS

The mechanization of inertially measured accelerations to derive inertial velocity and
to accomplish navigation on earth is readily achieved from three accelerometers that are
orthogonally mounted in a platform coordinated system, which is vertically aligned to the
mass-attraction vector of the earth and which is not torqued about the vertical axis.

To obtain platform velocity relative to the earth, we must subtract the velocity of the

earth, :‘e x R, from the inertial velocity output of the platform. Because latitude position

that is determined by the inertial navigator does not include centripetal acceleration, an
angular displacement must be added to the latitude output of the platform to obtain geo-
graphic latitude,

The radius of the earth was assumed constant in the development. Varying R as a func-
tion of latitude can account for the spheroidal shape of the earth, To include the altitude
of the platform above the surface of the earth in the total distance of the platform from
the center of the earth, we can add an integration of platform velocity in the vertical,

T,, direction to R.
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